The importance of high-resolution rainfall data to understand the intricacies of the dynamics of hydrological processes and describe them in a sophisticated and accurate way has been increasingly realized. The present study investigates the general suitability of fractal (or scaling) theory for understanding the rainfall behaviour and transforming rainfall data from one time scale to another. The study, employing a multifractal approach, follows the research undertaken earlier by the author (Sivakumar, 2000) employing a mono-fractal approach in which some preliminary indication as to the possibility of existence of (multi-) fractals was obtained. Rainfall data of three different resolutions, six-hourly, daily, and weekly, observed over a period of 25 years in two different climatic regions: a subtropical climatic region (Leaf River basin, Mississippi, USA); and an equatorial climatic region (Singapore) are analysed. The existence of multi-fractal behaviour in the rainfall data is investigated using (a) the power spectrum method; (b) the empirical probability distribution function (PDF) method; (c) the statistical moment scaling method; and (d) the probability distribution multiple scaling (PDMS) method. The results achieved from all these methods for the six different rainfall data sets considered indicate the existence of multi-fractal behaviour of rainfall observed in Leaf River basin and Singapore, providing further support to the results obtained using the mono-fractal approach (Sivakumar, 2000) . The suitability of a multi-fractal framework to characterize the behaviour of rainfall observed in the above two significantly different climatic regions, subtropical and equatorial, seems to suggest the general suitability of the fractal theory for transforming rainfall from one time scale to another. Investigations with rainfall data from several other climatic regions are underway with a view to strengthening the above conclusions.
INTRODUCTION
The absence of high-resolution temporal and spatial rainfall data has been one of the most important limitations in hydrological, meteorological, and agricultural calculations. The recent shift of focus to deal with complex problems, such as pollution transport, rainfall-related pollution effects on treatment plants, runoff-induced washoff from impermeable surfaces, and soil water infiltration movement, only reveals the added uncertainties in the outcomes if the required quality of data is not available. One way to solve this problem is to collect high-resolution data relevant for the problem in question. However, this is costly and time-consuming and, therefore, hardly a competitive alternative in practice. Hence, the only alternative is to transform the available data from one scale to another. The recently developed fractal (or scaling) theory seems to provide a suitable framework for improving understanding of the rainfall process and, thus, make it possible to enable the transformation of rainfall data from one scale to another. According to this theory, the rainfall process is characterized by some statistical properties, which are independent of the scale of observation.
Investigation of the existence of fractal behaviour in rainfall processes has been one of the most exciting research areas in recent times (e.g. Lovejoy & Schertzer, 1990 , 1995 Olsson et al, 1992 Olsson et al, , 1993 Olsson & Niemczynowicz, 1994 , 1996 Olsson, 1995 Olsson, , 1996 Harris et al, 1996; Svensson et al., 1996; Tessier et al., 1996; Menabde et al, 1997; Sivakumar, 2000) . Although most of these studies, employing various techniques, provided evidence of the existence of fractal behaviour in rainfall data, the theory of fractals has not been widely applied in practice. An important reason for this is the lack of knowledge about the general suitability of the theory for the highly variable rainfall in time and space. Therefore, the importance of investigating rainfall data of different resolutions, observed in different climatic regions, to substantiate the general suitability of fractal theory in understanding and modelling the rainfall process is increasingly realized. To achieve this goal, a series of analyses has recently been planned. As a first step, rainfall data are being investigated of three different resolutions: six-hourly, daily, and weekly, observed in two different climatic regions: a subtropical climatic region (Leaf River basin, Mississippi, USA); and an equatorial climatic region (Singapore). On the basis of results obtained from a preliminary investigation, employing a mono-fractal (box dimension) method (Sivakumar, 2000) , some potential areas for further study have been identified. In particular, the realization that a single dimension was insufficient to characterize the rainfall behaviour warranted an immediate analysis of the rainfall data using a multi-fractal approach, where the rainfall process could be characterized by more than one dimension (or dimension function). The analyses of the above rainfall data sets using multi-fractal methods are presented herein.
IDENTIFICATION OF FRACTAL BEHAVIOUR
A common method to investigate the existence of fractals in a data set is to estimate its dimension. The dimension is often interpreted as a characteristic degree of irregularity or variability by which the data are distributed. Therefore, estimating the dimension of a data set is one way of investigating whether the data set, although it may seem completely disordered, has some properties that are independent of scale.
Various methods are used to estimate the dimension of a data set. If the process can be assumed to be described by a single fractal dimension (mono-fractal), one way to estimate the dimension is by box counting (e.g. Lovejoy et al., 1987) . Another mono-fractal approach is to construct the phase-space portrait of the data set and estimate the correlation dimension of the resulting attractor by using the correlation function (e.g. Hentschel & Procaccia, 1983) . The mono-fractal methods have been found to be useful in measuring the irregularity of the rainfall data sets, in addition to deriving the important statistical properties of the rainfall process, e.g. duration of individual rainfall events (Olsson et ah, 1992 (Olsson et ah, , 1993 . However, a single dimension might not be sufficient to characterize the rainfall behaviour, as the dimension depends on the rainfall intensity level, which, in turn, might be related to the rainfall generating mechanisms (e.g. Lovejoy & Schertzer, 1990; Olsson et al., 1993; Olsson & Niemczynowicz, 1996; Svensson et al., 1996) . This necessitates the use of a multifractal approach, where the rainfall process is characterized by more than one dimension (or a dimension function) instead of one single dimension. This has recently led to the development of a variety of techniques to investigate whether or not a given time series exhibits multi-fractal behaviour. The present study employs some of these techniques in its investigation of the existence of multi-fractal behaviour in the rainfall data observed in Leaf River basin and Singapore.
Before applying any specific multi-fractal analysis technique to a time series, general information about the fractal behaviour is obtained using two standard statistical descriptions of the series: the power spectrum and the empirical probability distribution function. Therefore, in the first step, these two methods are employed in the present study. In addition, two other methods that are specifically designed to identify the existence of multi-fractal behaviour in a time series: the statistical moment scaling method and the probability distribution multiple scaling method, are also employed. A brief account of the four methods is provided below.
The power spectrum, E(/} is a standard tool in fractal investigations of rainfall time series (e.g. Ladoy et al, 1991; Fraedrich & Larnder, 1993; Olsson et al., 1993; Olsson, 1995) . If the spectrum obeys a power law form:
where/is the frequency and (3 is an exponent, referred to as a spectral exponent, this indicates absence of characteristic time scale in the range of the power law, and thus a multi-fractal behaviour may be assumed to hold. The empirical probability distribution function (PDF) describes the fractal properties of the rainfall intensity fluctuations at a given scale, generally the scale corresponding to the measurement resolution. If the series is characterized by a hyperbolic intermittency (e.g. Lovejoy & Mandelbrot, 1985) , which may be considered as a feature of multi-fractal behaviour (e.g. Fraedrich & Larnder, 1993) , then for high threshold intensities x, the tail of the probability distribution of the rainfall intensity X follows a power law form:
In the statistical moment scaling method (e.g. Kumar et al., 1994; Over & Gupta, 1994) , the time series is divided into nonoverlapping intervals of a certain time resolution. The ratio of the maximum scale of the field to this interval is termed the "scale ratio", X. Thus X is inversely proportional to the size of the examined scale. For different scale ratios, the average rainfall intensity, e(X, i), in each interval, i, is computed and raised to power q, and subsequently summed to obtain the statistical moment, M(X, q):
i For a scaling field the moment, M(X, q), relates to the scale ratio, X, as:
where x(q) may be regarded as a characteristic function of the fractal behaviour. If x{q) vs q is a straight line, the data set is mono-fractal. However, if %{q) vs q is a convex function, the data set is multi-fractal (Frisch & Parisi, 1985; Svensson et al., 1996) . An important limitation of the statistical moment scaling method is that it only identifies whether a process exhibits mono-fractal (straight-line of t{q) vs q) or multi-fractal (convex function of t(q) vs q) behaviour, but not the presence or absence of a fractal behaviour (if t(q) vs q is neither a straight line nor a convex function) (for details, see Sivakumar, submitted) . The probability distribution multiple scaling (PDMS) method investigates whether the probability distribution related to different intensity levels is characterized by a fractal behaviour. This may be expressed by the following equation, which is a consequence of a mathematical description of a multiplicative cascade process (e.g. . The relationship between the average field intensity Ex and the scale ratio X is expressed as:
where Pr stands for probability and the exponent y, the order of singularity, is related to the rarity of different intensity levels. If c(y) vs y is a straight line the data set is mono-fractal. However, if c(y) vs y is a convex function, the data set is multifractal (e.g. Tessier et al., 1996) . It should be noted, however, that the PDMS method possesses an important limitation in that it only identifies whether a process exhibits mono-fractal behaviour (straight line of c(g) vs g), or multi-fractal behaviour (convex function of c(g) vs g), but not whether or not there is fractal behaviour (if c(g) vs g is neither a straight line nor a convex function). Therefore, instead of a single dimension characterizing the process, a scale-invariant dimension function c(y) that depends on the intensity level is assumed. Values of the function c(y) are called co-dimensions, defined as the dimension in which the process is studied minus the corresponding dimension of the process. The co-dimension function is thus independent of the dimension used for the measurements. The procedure employed in the present study to obtain the co-dimension values c(y) for the rainfall time series is the one formulated by Lavallée et al. (1991) and is explained in the next section.
ANALYSES, RESULTS, AND DISCUSSION

Introduction
In the present study, data of three different resolutions, six-hourly, daily, and weekly, observed over a period of 25 years (January 1963-December 1987) from each of two different climatic regions, a subtropical climatic region (Leaf River basin, Mississippi, USA) and an equatorial climatic region (Singapore), are considered. Information about the Leaf River basin and the island of Singapore and the prevailing climatic conditions, in particular rainfall, can be found in Sivakumar (2000) . The rainfall data considered are the mean values of the respective rainfall observed in Leaf River basin and Singapore. Table 1 presents some of the important characteristics of the six-hourly, daily, and weekly rainfall data observed in the two regions. The table reveals that: (a) the mean rainfall in Leaf River basin is lower than that in Singapore; (b) the maximum rainfall observed in Leaf River basin is lower than that in Singapore; and (c) the percentage of dry periods in Leaf River basin is significantly higher than that in Singapore. These observations indicate that the amount of rainfall experienced in Singapore is significantly higher than that in Leaf River basin, providing a reasonable basis for the present investigation dealing with the fractal behaviour of rainfall in two different climates. The analyses of the rainfall data sets using the four methods outlined in the previous section and the results thus obtained are presented below. 
Power spectrum
Figure 1(a) shows the power spectrum of the six-hourly rainfall data observed in Leaf River basin. There appear to be two scaling regions: Region 1 (the high frequency regime) with a spectral exponent, (3, value (or slope) of 1.06 and Region 2 (the low frequency regime) with a P value of about 0.18 (see Table 2 ). The power spectrum obtained for the six-hourly rainfall data observed in Singapore also appears to exhibit two scaling regions: Region 1 with a P value of 1.21 and Region 2 with a P value of 0.24 (see Table 2 ). The power spectra of the daily and weekly rainfall data sets observed in Leaf River basin and Singapore also appear to have two scaling regions (high frequency and low frequency), whose P values are presented in Table 2 . The observation of different P values in the high frequency and low frequency regions in the power spectra seems to provide important implications regarding the possibility of transformation of rainfall data from one scale to another. Basically, when the (3 values are different in the two regions, transformation of rainfall data may be possible only between the scales within the respective regions. It should be noted, however, that the identification of the scaling regions and the estimation of the spectral exponent depend on individual judgement. As a result, the same power spectrum may be interpreted to contain either one, or more than one, spectral exponent. On the other hand, even if there is a consensus on the number of spectral exponents, it is possible that different people may come up with different estimates for the exponent. The spectral exponents reported by past studies for various rainfall time series clearly indicate that approximations have been made in fitting the regression line (e.g. Olsson et a/., 1993; Olsson, 1995 Olsson, , 1996 Harris et al., 1996;  Svensson et al, 1996; Tessier et al, 1996; 1997; Menabde et al, 1997) . Such approximations, in turn, suggest the possible discrepancies and, hence, the uncertain^ ties in the outcomes regarding the existence of fractals and, if they do exist, the types. All these observations only highlight the extreme caution that is needed while using the power spectrum to identify the existence of fractals in a time series.
Probability distribution function
Figure 2(a) shows the empirical PDF of the six-hourly rainfall data observed in Leaf River basin. A hyperbolic tail behaviour is evident, with a probability exponent, q D , of about 3.8, estimated from the fitted regression line shown in Fig. 2(a) . This indicates that moments of the series of order greater than or equal to qo = 3.8 diverge. The empirical PDF obtained for the six-hourly rainfall data observed in Singapore is shown in Fig. 2(b) . The data series is indeed characterized by a hyperbolic intermittency with a q D of about 3.5. The qo values obtained for rainfall data of different resolutions observed in Leaf River basin and Singapore are presented in Table 3 . For Leaf River basin rainfall data, the qo values lie between 3.75 and 3.84, whereas those for the Singapore rainfall data range from 3.26 to 3.50. Since the qo values obtained for the different rainfall data sets are above 3.0, a mono-fractal model is not sufficient to characterize the rainfall behaviour, as it cannot accommodate a value of q D > 2 (e.g. Lovejoy & Mandelbrot, 1985; Tessier et al., 1996) . This justifies the use of a multifractal model, which can accommodate any value of qo, to characterize the rainfall behaviour observed in both Leaf River basin and Singapore. Although generally used, the power spectrum and the empirical probability distribution function are neither necessary nor sufficient indicators of multi-fractal behaviour. For example, hyperbolic intermittency observed from a PDF is not a necessary feature of a multi-fractal process (e.g. Fraedrich & Larnder, 1993) . Therefore, more sophisticated approaches are necessary to identify the existence of multi-fractal behaviour in a time series. In this regard, the recently developed statistical moment scaling method and the probability distribution multiple scaling (PDMS) method seem to provide better results and, therefore, are employed and discussed below.
Statistical moment sealing method
In the statistical moment scaling method, the rainfall intensity is averaged over successively doubled time intervals corresponding to successively halved values of the scale ratio X, and for each A, the qth statistical moment is calculated according to equation (3). The scaling behaviour of the time series as expressed by equation (4) may be investigated by plotting M(k, q) as a function of À in a log-log diagram. If equation (4) is valid, the curve will exhibit an approximately linear behaviour with a slope that is an estimate of x(q). By performing the procedure for different values of q, the whole %(q) function may be estimated. Figure 3(a) shows the x{q) function against q for the six-hourly rainfall data observed in Leaf River basin. The observation of a convex curvature, rather than a straight line, of the %{q) function, indicates that the data are multi-fractal. The convex curvature in the %{q) vs q plot obtained also for the six-hourly rainfall data from Singapore (Fig. 3(b) ), indicates a multi-fractal behaviour. Similar results are also observed for the daily and weekly data sets analysed in the present study. All these results suggest the existence of a multi-fractal behaviour in the rainfall data observed in Leaf River basin and Singapore.
Probability distribution multiple scaling method
Before performing the calculations in the probability distribution multiple scaling (PDMS) method, the rainfall time series is normalized (non-dimensionalized), which is done by dividing all values by the average of the total series. Then the rainfall intensity is averaged over successively doubled time intervals (boxes) corresponding to successively halved values of the scale ratio X. The average field intensity Z\ for each box is computed as the average value of the normalized intensity over the particular box interval. The probability Pr(ex > A. Y ) is then approximated by the ratio N)fy)INx, where N\ denotes the number of boxes the series is divided into and Nx(y) denotes the number of boxes with an average field intensity £\ exceeding X Y . Thus A, Y is specifying a threshold value for the average normalized intensity. The procedure is performed with boxes ranging from the resolution of the time series (X equals the length of the series) up to the total length of the series (X = 1). Then, the probability Pr(8x > A. Y ) is plotted as a function of the scale ratio À in a double-logarithmic diagram, and, if the series exhibits multi-scaling as expressed by equation (5), the points fall on a straight line with a slope that is an approximation of -c(y). To obtain the complete codimension function, the above procedure is carried out for different values of the exponent y. The possible range of y values in the analysis is found by trial and error, since only a range of y values can give reliable slope estimates in the Pr(£x > A, Y ) vs X plot. In the present study, the possible range of y values turns out to be from 0.50 to 0.90 (see Olsson et al. (1993) for possible explanations for the lower and upper limits of the y values). Figure 4(a) shows the relationship between the co-dimension and the intensity threshold y for the six-hourly rainfall data observed in Leaf River basin. The figure indicates an increase in the co-dimension with an increase in the intensity threshold. The c(y) VS y is a convex function, rather than a straight line, indicating the existence of a multi-fractal behaviour in the rainfall time series (e.g. Tessier et al., 1996) . Similar results are obtained for the six-hourly rainfall data from Singapore (Fig. 4(b) ), and also for the daily and weekly rainfall data sets, indicating the existence of a multi-fractal behaviour in the rainfall data observed in Leaf River basin and Singapore.
SUMMARY AND CONCLUSIONS
The present study was aimed at investigating the existence of multi-fractal behaviour in the rainfall data observed in two different climatic regions: (a) a subtropical climatic region (Leaf River basin, Mississippi, USA); and (b) an equatorial climatic region (Singapore). The driving force for the study was the possible existence of multi-fractal behaviour in the above rainfall data, as indicated by the results from an earlier study (Sivakumar, 2000) employing a mono-fractal approach. Four different methods were employed to investigate the existence of multi-fractal behaviour: (a) power spectrum; (b) empirical probability distribution function; (c) statistical moment scaling method; and (d) probability distribution multiple scaling method. Rainfall data of three different resolutions, six-hourly, daily, and weekly, were analysed.
The presence of two scaling regions (with different P values) in the power spectra of the different rainfall data sets provided indications regarding the existence of multifractal behaviour and hence the possibility of transformation of rainfall data from one scale to another. The results from the empirical probability distribution function, with q D values greater than 3.0 for all the rainfall data sets, indicated the insufficiency of a mono-fractal model (which cannot accommodate q D > 2) and the need for a multifractal model to characterize the rainfall behaviour. The observation of a convex curvature, rather than a straight line, of the statistical moment scaling function indicated that the data analysed exhibited multi-fractal behaviour. The probability distribution multiple scaling method, exhibiting a convex function of the co-dimension function, indicated the existence of multi-fractal behaviour in the rainfall data observed in Leaf River basin and Singapore.
The results from all the four different methods employed consistently indicated that the rainfall data in Leaf River basin and Singapore exhibited multi-fractal behaviour, providing further support to the preliminary evidence obtained from the mono-fractal approach (Sivakumar, 2000) . The existence of multi-fractal behaviour in the rainfall data observed in the two significantly different climatic regions seems to suggest the general suitability of the fractal theory in understanding and modelling the rainfall process. However, it is somewhat premature to provide such a conclusion, as only the investigation of a large number of data sets observed in different climatic regions could provide a definitive resolution about whether or not a rainfall process exhibits fractal behaviour. Such an investigation is underway, and it is hoped that the results would only strengthen the results achieved so far. On the other hand, recent studies revealed the possibility of the existence of deterministic chaos in the rainfall process observed in Singapore and Leaf River basin (e.g. Sivakumar et al., 1998 Sivakumar et al., , 1999 . A possible implication of this may be that the "chaotic" approach might also be a suitable framework for the identification of the existence of fractals in rainfall processes and the possibility of transformation of rainfall data from one scale to another. Also, a recent study by the author (Sivakumar, submitted) has revealed that the multi-fractal approaches might provide positive evidence of the existence of multifractal behaviour not only in stochastic processes but also in, for example, deterministic and chaotic processes. All these observations seem to suggest that the ideas gained from both the "stochastic" and "chaotic" frameworks could complement each other in the characterization of rainfall behaviour and transformation of rainfall data from one scale to another.
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